Let X and Y be topological spaces and F (X, Y ) the set of all functions from X into Y . We study various quasi-uniform convergence topologies UA (A ⊆ P (X)) on F (X, Y ) and their comparison in the setting of Y a quasi-uniform space. Further, we study UA-closedness and right Kcompleteness properties of certain subspaces of generalized continuous functions in F (X, Y ) in the case of Y a locally symmetric quasi-uniform space or a locally uniform space.
Introduction
Let X and Y be two topological spaces, F (X, Y ) the set of all functions from X into Y and C(X, Y ) the set of all continuous functions in F (X, Y ). In the case of Y = (Y, U), a uniform space, various uniform convergence topologies (such as U X , U k , U p ) on F (X, Y ) and C(X, Y ) were systematically studied by Kelley ([17] , Chapter 7). It is shown there that: (i) U p ≤ U k ≤ U X ; (ii) C(X, Y ) (QU 2 ) If U ∈ U and U ⊆ V , then V ∈ U. (QU 3 ) If U, V ∈ U, then U ∩ V ∈ U. (QU 4 ) If U ∈ U, there is some V ∈ U such that V 2 ⊆ U .
In this case, the pair (Y, U) is called a quasi-uniform space. If, in addition, U satisfies the symmetry condition:
(U 5 ) U ∈ U implies U −1 ∈ U, then U is called a uniformity on Y and the pair (Y, U) is called a uniform space.
The pair (Y, U) is called a semi-uniform space [46] if U satisfies (QU 1 )-(QU 3 ) and (U 5 ).
Definition 2.3. (i) A quasi-uniform space (Y, U)
is called locally symmetric if, for each y ∈ Y and each U ∈ U, there is a symmetric V ∈ U such that V 2 [y] ⊆ U [y] [11] .
(ii) A semi-uniform space (Y, U) is called locally uniform [46] if, for each y ∈ Y and each U ∈ U, there is a V ∈ U such that V If (Y, τ ) is a topological space, then a quasi-uniformity U on Y is said to be compatible with (Y, τ ) provided τ = T (U). It is well-known that a topological space (Y, τ ) is completely regular iff there exists a compatible uniformity U on Y . Csaszar [8] showed that every topological space has a compatible quasi-uniformity. In [39] , Pervin greatly simplified Csaszar's proof by giving a direct method of constructing a compatible quasi-uniformity for an arbitrary topological space. For more information, see ([29] , p. 14-16; [7] , p. 34). Definition 2.5. A net {y α : α ∈ D} in a topological space (Y, τ ) is said to be τ -convergent to y ∈ Y if, for each τ -open neighborhood G of y in Y , there exists an α 0 ∈ D such that y α ∈ G for all α ≥ α 0 ( [17] , p. 65-66). In particular, a net {y α : α ∈ D} in a quasi-uniform or locally uniform space (Y, U) is said to be T (U)-convergent to y ∈ Y if, for each U ∈ U, there exists an α 0 ∈ D such that y α ∈ U [y] for all α ≥ α 0 . Definition 2.6 ( [41, 26, 24, 7] ). Let (Y, U) be a quasi-uniform space. A net {y α : α ∈ D} in Y is called a right K-Cauchy net provided that, for each U ∈ U, there exists some α 0 ∈ D such that [26] , Lemma 1, p. 289).
c AGT, UPV, 2017 Definition 2.7. Let (Y, U) be a quasi-uniform space or a locally uniform space, and let S ⊆ Y . Then:
(i) S is called precompact [11, 29] if, given any U ∈ U, there exists a finite set
(ii) S is called totally bounded [11, 29] if, given any U ∈ U, there exists a finite cover [30] if given any U ∈ U, there exists an m ∈ N and a finite set
Note. By ( [29] , p. 49; [30] , p. 368), for any S ⊆ (Y, U ), a quasi-uniform space, S is totally bounded ⇒ S is precompact ⇒ S is bounded, but the converses need not be true ( [11] , p. 152; [29] , p. 49). In fact, by [27] , even a compact quasi-uniform space is not necessarily totally bounded. However, if (Y, U ) is a uniform spaces, S is precompact iff S is totally bounded ( [11] , p. 52; [29] , p. 49). If (X, τ ) is a topological space and A ⊆ X, the closure of A is denoted by A τ or τ -cl(A) (or simply A or cl(A)); the interior of A is denoted by τ − int(A) (or simply int(A)). We shall denote the power set of X by P (X).
Quasi-uniform convergence topologies on F (X, Y )
Let X be a topological space and (Y, U) a quasi-uniform space, and let A = A(X) be a certain collection of subsets of X which covers X. For any A ∈ A(X) and U ∈ U, let
Then the collection {M A,U : A ∈ A(X) and U ∈ U} forms a subbase for a quasi-uniformity, called the quasi-uniformity of quasi-uniform convergence on the sets in A(X) induced by U. The resultant topology on F (X, Y ) is called the topology of quasi-uniform convergence on the sets in A(X) and is denoted by U A [25, 26] .
pointwise convergence topology on F (X, Y ) and is denoted by U p .
Since each of the collection A in (i)-(v) is closed under finite unions, the collection {M A,U : A ∈ A(X) and U ∈ U} actually forms a base for the topology U A (cf. [28] , p. 7).
Lemma 3.1. Let X be a topological space and (Y, U) a quasi-uniform space, and let A, B ⊆ X and U, V ∈ U be such that
Theorem 3.2. Let X be a Hausdorff topological space and (Y, U) a quasiuniform space. Let U p , U σ0 , U σ , U k and U X be the topologies on 
Conversely, suppose that every compact subset of X is finite. To show
In particular, if X is discrete, then every compact subset of X is finite and hence
which implies that A is also compact. Conversely, suppose that every σ-compact subset of X is relatively compact. Take arbitrary
and hence M X,U ∈ U σ0 . So there exist a countable set A ⊆ X and a V ∈ U such that M A,V ⊆ M X,U . By Lemma 3.1(ii), X = A and so X is separable. Conversely, suppose X is separable, and let A ⊆ X be countable set such that A = X. Take arbitrary M X,U ∈ U X . Clearly,
, and so
which implies that A is also compact. Conversely, suppose that every countable subset of X is relatively compact. To show
Then for arbitrary M A,U ∈ U σ0 with A a countable subset of X and U ∈ U, there exists an m ∈ N and a finite set J ⊆ F (X, Y ) such
, showing that S is U σ0 -bounded. On the other hand, suppose that there exists a U σ0 -bounded
Now, let X be a completely regular Hausdorff space and Y = (E, τ ) a Hausdorff topological vector space (TVS, in short) over K(= R or C) with a base W E (0) of balanced τ −neighborhoods of 0 in E ( [18] , Theorem 5.1), and let CB(X, E) denote the vector space of all continuous bounded functions from X into E. In this setting, the collection V = {V G : G ∈ W E (0)} is a uniformity on E, where
For any A ∈ A(X) and H ∈ W E (0), let
Then the collection {M *
A,VH (0) : A ∈ A(X) and H ∈ W E (0)} forms a base of neighbourhood of 0 in CB(X, E) for a linear topology, denoted by t A . Indeed, this follows from ( [18] , Corollary 8.2) and the fact that
The quasi-uniform topologies U p , U σ0 , U σ , U k and U X on CB(X, Y ) become the linear topologies, denoted by t p , t σ0 , t σ , t k and t u in the terminology of [21] . Consequently, we can deduce the following from above two results: . Let X be a completely regular Hausdorff space and (E, τ ) a Hausdorff TVS. Then: (i) t σ = t u iff X = A for some σ-compact subset A of X.
(ii) t k = t σ iff every σ-compact subset of X is relatively compact.
(iii) t σ0 = t X iff X is separable.
(iv) t σ0 ≤ t k iff every countable subset of X is relatively compact.
(v) t σ0 , t σ and t u have the same bounded sets in CB(X, Y ). [28] , p. 9) in the case of Y a uniform space (see also [23] ). These S A topologies are, in general, different from their corresponding uniform convergence topologies U A even in the case of Y a metric space. More recently, there has been a renewed interest on the problem for coincidence of these two notions and some interesting partial answers have been obtained in [33, 34, 4, 35, 36] .
Closedness and completeness in function spaces
The results of this section are motivated by those given in [17, 31, 26] regarding the closedness and completeness of C(X, Y ) and
It is well-known (e.g., [17, 32] ) that C(X, Y ) is U X -closed in F (X, Y ) but not necessarily U p -closed. Later, some authors obtained variants of these results for spaces of quasi-continuous, somewhat continuous and bounded functions in the case of Y a uniform space [16, 22, 37, 40] . In this section, we examine their U A -closedness and right K-completeness in the setting of Y a locally symmetric quasi-uniform or locally uniform spaces.
Let X be a topological space and (Y, U) a quasi-uniform space. Let {f α : α ∈ D} be a net in F (X, Y ) and A ⊆ X. We recall from [25, 26] that:
In this case, we shall write f α
Lemma 4.1. Let X be a topological space and (Y, U) a quasi-uniform space, and let A ⊆ X. Let {f α : α ∈ D} be a net in
Proof. Let U ∈ U. Choose V ∈ U such that V 2 ⊆ U . Since {f α } is right-KCauchy, there exists α 0 ∈ D such that (f α , f β ) ∈ M A,U for all α ≥ β ≥ α 0 . We claim that (f, f γ ) ∈ M A,U for all γ ≥ α 0 . Fix any γ ≥ α 0 and x 0 ∈ A. Since {f α (x 0 ) : α ∈ D} −→ f (x 0 ), also its subnet {f α (x 0 ) :
The following result is due to Kunzi and Romaguera ([26] , Proposition 1). Using Lemma 4.1, we can present a somewhat shorter proof of this result for reader's benefit. Theorem 4.2. Let X be a topological space and Y = (Y, U) a right K-complete quasi-uniform space, and let A ⊆ P (X) which covers X.
Proof. Let {f α : α ∈ D} be a right K-Cauchy net in (F (X, E), U A ), and let U ∈ U and x ∈ X be fixed. Since A covers X, x ∈ A x for A x ∈ A. There exists
In particular, (f α (x), f β (x)) ∈ U for all α ≥ β ≥ α 0 , and so {f α (x) : α ∈ D} is a right K-Cauchy net in Y. Since (Y, U) a right K-complete, {f α (x) : α ∈ D} is T (U)-convergent to a point f (x) ∈ Y. Hence we have an f ∈ F (X, Y ) such
We next obtain variants of some results in [26] 
Since f α0 is quasi-continuous at x 0 , there exists a semi-open set G containing x 0 in X such that
Finally, let z ∈ G ∩ A. Then, using symmetry of V , we obtain
Theorem 4.4. Let X be a topological space and (Y, U) a locally symmetric quasi-uniform space. Then: 
A function f : X → Y is said to be somewhat continuous [13] if for each ([13] , p. 6) . Let SW (X, Y ) denote the set of all somewhat continuous functions from X into Y . Theorem 4.6. Let X be a topological space and (Y, U) a locally symmetric quasi-uniform space. Let {f α : α ∈ D} be a net in SW (X, Y ) which is U Xconvergent to f . Then f ∈ SW (X, Y ).
Proof. Let M be a dense subset of X. We need to show that f (M ) is dense in f (X). Let y 0 ∈ f (X), and let H be an open neighborhood of y 0 in f (X).
(We need to show that H ∩ f (M ) = ∅.) There exists a G ∈ T (U) such that
Since f α0 is somewhat continuous,
Thus f (m) ∈ H, and so
Theorem 4.7. Let X be a topological space and (Y, U) a locally symmetric quasi-uniform space. Then:
Proof. (a) This follows from Theorem 4.6.
(b) Suppose Y is right K-complete. Let {f α : α ∈ D} be a right K-Cauchy net in (SW (X, Y ), U X ) . Let U ∈ U and let x 0 ∈ X be fixed. There exists 
We next present analogues of some results from [37] for functions having range as precompact or bounded sets.
Theorem 4.9. Let X be a non-empty set and (Y, U) a locally uniform space. Let A ⊆ P (X) and B A (X, Y ) ⊆ F (X, Y ) the set of all functions which are bounded on each member of A. Let {f α : α ∈ D} be a net in
Proof. Let U ∈ U be symmetric and A ∈ A(X). Choose an α 0 ∈ D such that (f, f α0 ) ∈ M A,U for all α ≥ α 0 . In particular, this implies that for each x ∈ A,
, so there exists an integer m ≥ 1 and a finite set
which means that f ∈ B(X, Y ).
Problem 4.10. The authors do not know whether or not the above result can be established for (Y, U) a locally symmetric quasi-uniform space.
Theorem 4.11. Let X be a non-empty set and (Y, U) a uniform space, and let A ⊆ P (X) and P C A (X, Y ) ⊆ F (X, Y ) be the set of all functions which have precompact range on each member of A. Let {f α : α ∈ D} be a net
Proof. Let U ∈ U and A ∈ A(X). Choose symmetric W ∈ U with W • W ⊆ U . There exists a α 0 ∈ D such that for each
Problem 4.12. The authors do not know whether or not the above result can be established for (Y, U) a locally symmetric quasi-uniform space or a locally uniform space.
Next we consider the notion of functions f ∈ F (X, Y ) which are "small off compact set". First, let Y = E, a TVS over K (=R or C) with W E (0) a base of balanced neighborhoods of 0 in E. Recall that: a function f : X → E is called small off compact set (or vanish at infinity) [5, 18, 20] if, for each G ∈ W E (0), there exists a compact set K ⊆ X such that f (x) ∈ G for all x ∈ X\K.
Note that if f ∈ F (X, E) is small off compact set, then given any G ∈ W E (0), there exists a compact set K ⊆ X such that
c AGT, UPV, 2017 In fact, choose a balanced (or symmetric) H ∈ W E (0) such that H + H ⊆ G. Since f ∈ F 0 (X, E), there exists a compact set K ⊆ X such that f (x) ∈ H for all x ∈ X\K. Then, for any x, y ∈ X\K, f (x) − f (y) ∈ H − H = H + H ⊆ G.
Motivated by this observation, we can introduce the notion of "small off compact set" in the setting of quasi-uniform spaces, as follows. Let X be a topological space and (Y, U) a quasi-uniform space.
(i) A function f : X → Y is said to be small off compact set if, for each U ∈ U, there exists a compact set K ⊆ X such that (f (x), f (y)) ∈ U for all x, y ∈ X\K. (ii) f : X → Y is said to have compact support if there exists a compact set K ⊆ X such that (f (x), f (y)) ∈ U for all x, y ∈ X\K and all U ∈ U.
Note that a quasi-uniform space (Y, U) is T 1 iff ∩{U : U ∈ U} = ∆(Y ) holds ( [11] , p. 6; [29] , p. 36). Hence, in this case, the condition in (ii) is equivalent to: f (x) = f (y) for all x, y ∈ X\K. Let F 0 (X, Y ) (resp. F 00 (X, Y )) denote the subset of F (X, Y ) consisting of those functions which are small of compact set (resp. have compact support), and let C 0 (X, Y ) = F 0 (X, Y )∩C(X, Y ) and C 00 (X, Y ) = F 00 (X, Y )∩C(X, Y ). Clearly, F 00 (X, Y ) ⊆ F 0 (X, Y ) and C 00 (X, Y ) ⊆ C 0 (X, Y ). Proof. Let f ∈ C 0 (X, Y ), and let U ∈ U. There exists a compact set K ⊆ X such that (f (x), f (y)) ∈ U for all x, y ∈ X\K. In particular, for a fixed x 0 ∈ X\K, f (y) ∈ U [f (x 0 )] for all y ∈ X\K.
Since f (K) is compact and hence bounded in Y ( [30] , p. 368), there exists an integer m and a finite set F ⊆ Y , such that f (K) ⊆ U m [F ] . Taking F 1 = F ∪{f (x 0 )}, we have f (X) ⊆ U m [F 1 ], which means that f ∈ B(X, Y ).
Theorem 4.14. Let X be a topological space and (Y, U) a uniform space. Then both F 0 (X, Y ) and C 0 (X, Y ) are U X -closed in F (X, Y ).
Proof. Let f ∈ F (X, Y ) with f ∈ U X − cl(F 0 (X, Y )). Let U ∈ U. Choose a symmetric V ∈ U such that V 3 ⊆ U . There exists g ∈ F 0 (X, Y ) such that (f (x), g(x)) ∈ V for all x ∈ X. There exists a compact set K ⊆ X such that (g(x), g(y)) ∈ V for all x, y ∈ X\K. Then, for any x, y ∈ X\K, (f (x), g(x)) ∈ V, (g(x), g(y)) ∈ V, (g(y), f (y)) ∈ V −1 .
Therefore f ∈ F 0 (X, Y ), and so F 0 (X, Y ) is U X -closed in F (X, Y ). By ( [17] , Theorem 7.9), C(X, Y ) is U X -closed in F (X, Y ). Thus C 0 (X, Y ) is also U Xclosed in F (X, Y ). Problem 4.16. If X is locally compact and Y = E, a topological vector space, then it is well-known that C 00 (X, E) is U k -dense in C(X, E) and also U Xdense in C 0 (X, E) 
